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In this lecture we consider a discrete random variable that
is often useful in estimating the number of occurrences over
a specified interval of time or space.

This describes the number of times some event occurs
during a specified interval

The interval can be time, distance, areq, or volume

This distribution based on Two assumptions

The probability is proportional to the length of the
interval

The intervals are independent
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POISSON PROBABILITY
DISTRIBUTION

For example, the random variable of interest might be the
number of arrivals at a car wash in one hour, the number of
repairs needed in 10 miles of highway, or the number of
leaks in 100 miles of pipeline.

POISSON PROBABILITY EXPERIMENT

1. The random variable is the number of times some event
occurs during a defined interval.

2. The probability of the event is proportional to the size of the
interval.

3. The intervals do not overlap and are independent.

6-3
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THE POISSON
PROBABILITY

DISTRIBUTION FUNCTION

The Poisson probability distribution function is defined by the following
equation:

Where:

P(x)= the probability of x occurrences in an interval.

AA = expected value or mean number of occurrences in an interval (u

or E(x)
ee= 2.71828
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NOTE

for the Poisson probability distribution, x is a discrete random variable
indicating the number of occurrences in the interval. Since there is no
stated upper limit for the number of occurrences, the probability
function p(x) is applicable for values x=0,1,2, ...without limit.

In practical application, x will eventually become large enough so that
f(x) is approximately to zero and the probability of any larger
values of x becomes negligible.
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EXAMPLE 01

The mean (average) number of accidents per month at a certain
intersection is 3. What is the probability that in any given month 4
accidents will occur at this intersection?

Solution:

Firstly here we have a Poisson distribution with A=3

And X=4

AXe—2 _ 3%e73

X! 4!

P(x=4) =

= 0.168

In any given month there is a probability of 0.168 that 4 accidents
will occur at this intersection.
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EXAMPLE 02

Suppose that we are interested in the number of patients who arrive
at the emergency room of a hospital during a 15-minute period on
weekday mornings. If we can assume that the probability of a patient
arriving is the same for any two time periods of the arrival or
nonarrival in any other time period. The Poisson probability function is
applicable.

Let us assume that the historical data shows that the average number
of patients arriving in a 15-minute period of time is 10. What is the
probability of exactly 5 arrivals in 15 minutes.
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EXEMPLE 02 (CONT.)

Solution

}\.Xe—x 1056_10

X! 5!

P(x=5) = = 0,038

Although this probability was determined by evaluating the
probability function with A=10 and x=35, it is often easier to refer to a
table for the Poisson distribution. The table provides probabilities for

specific values of x and A or . To use the table we need to know only
x and A.
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POISSON DISTRIBUTION TABLE
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THE EXPECTED VALUE
AND VARIANCE FOR
POISSON PROBABILITY
DISTRIBUTION:

A property of the Poisson distribution is that the expected value E(x)=
A of the distribution and the variance of the distribution are equal.

So E(x) = V(X) = A

In Our precedent example the expected value of the number of
arrivals during 15-minute period is E(X)= 1 =10

the variance for the number of arrivals during 15-minute period is
V(x)=10

The standard deviation is 0=Y10=3.16.
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THE EXPECTED VALUE
AND VARIANCE FOR

POISSON PROBABILITY
DISTRIBUTION:(CONT.)

Our example involves a 15-minute period, but other time periods can
be used.



EXAMPLE 02

Suppose we want to compute the probability of 1-arrival in
a 3- minute period. Because 10 is the expected number of
arrivals in a 15-minute period, we see that 10/15=2/3 is
the expected number of arrivals in a 1-minute period and
that (2/3)*(3 minutes) = 2 is the expected number of arrivals
in a 3-minute period.

Thus, the probability of x arrivals in a 3-minute time period
with A=2 is given by the following Poisson probability
function:

Xe—Z

PX) = —
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EXAMPLE 02 (CONT.)

The probability of 1 arrival in a 3-minute period is calculated
as follows:

21le—2

P(x=1) = = 0,2707

One might expect that because (5 arrivals)/5=1 arrival and
(15 minutes)/5= 3 minutes, we would get the samefprobqbilify
for one arrival during a 3-minute period as we do for 5 arrivals
during a 15-minute period.

Earlier we calculated the probability of 5 arrivals in a 15-
minute period to be 0.0378. However, note that the probability
of 1 arrival in a 3-minute period (0.2707) is not the same.

When computing a Poisson probability for a different time

interval, we must first convert the A or mean arrival rate to the
time period of interest and then compute the probability.
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EXAMPLE 03

According to the National Atmospheric administration, the
state of Florida averages 18 tornadoes every September
(there are 30 days September).

Compute the mean number of tornadoes per day?
Compute the probability of no tornadoes during a day?

Compute the probability of more than 1 tornado during a
day?

Solution:

The mean number of tornadoes per day = 18/30=0.6
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EXAMPLE 02 (CONT.)

)\xe—h 0.606_0'6
P(x=0) = — = 0,549

X! 0!

P(x>1) =1 = p(x<1) = 1- ( p(x=0) + p(x=1) )

0.61e—06
1!

1- (0,549 + ) = 1- (0,549 + 0,329) = 0,112
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